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Abstract. The Cauchy problem for the homogeneous (real and complex) Monge- 
Ampere equation (HRMA/HCMA) arises from the initial value problem for geo- 
desies in the space of Kahler metrics. It is an ill-posed problem. We conjecture 
that, in its lifespan, the solution can be obtained by Toeplitz quantizing the 
Hamiltonian flow defined by the Cauchy data, analytically continuing the quan- 
tization, and then taking a kind of logarithmic classical limit. In this article, we 
prove that in the case of torus invariant metrics (where the HCMA reduces to the 
HRMA) this "quantum analytic continuation potential" coincides with the well- 
known Legendre transform potential, and hence solves the equation as long as it 
is smooth. In the sequel }RZ2j we prove that the Legendre transform potential 
ceases to solve the HRMA after that time. 



1. Introduction 

This article is the first in a series whose aim is to study existence, uniqueness and 
regularity of solutions of the initial value problem (IVP) for geodesies in the space 
of Kahler metrics in a fixed class. It is a special case of the Cauchy problem for the 
HCMA (homogeneous complex Monge- Ampere equation). Unlike the much-studied 
Dirichlet problem little has been proven for the Cauchy problem for the Monge- 
Ampere equation, and there is currently no known method to solve it for smooth 
Cauchy data. Indeed, it is an ill-posed problem and one does not expect global in 
time solutions to exist for 'most' initial data. The goal is thus to determine which 
initial data give rise to global solutions, especially those of relevance in geometry 
('geodesic rays') and to determine the lifespan T span of solutions for general initial 
data. In this article, we propose a general solution to the IVP for the geodesic 
equation on a polarized projective Kahler manifold, valid for the lifespan of the 
solution, in terms of a Toeplitz quantization and its analytic continuation. This 
conjectural solution, which we call the "quantum analytic continuation potential," 
is defined as the logarithmic limit of a canonical sequence of subsolutions of the 
HCMA obtained from the analytic continuation in time of the Toeplitz quantization 
of the Cauchy data. 

Our first goal in this series is to show that the conjectured solution is indeed a 
solution to the IVP for geodesies, as long as one exists, when the Kahler manifold 
(M, oj) has an (S 1 ) n symmetry with n = dimM. In such cases (including toric 
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Kahler manifolds and Abelian varieties), the HCMA reduces to the HRMA (homo- 
geneous real Monge- Ampere equation). Even in this setting, the problem is rather 
involved, and its different aspects are treated separately in the different articles of 
the series. In this article, we prove that in the (S' 1 ) n -invariant case, the quantum an- 
alytic continuation potential is a Lipschitz continuous subsolution that is a smooth 
solution of the HRMA until the 'convex lifespan' T s c ™ n of the problem (see Definition 
I3.ip . In the sequel |RZ2| . we show that the quantum analytic continuation potential 
fails to solve the equation even in a weak sense after the convex lifespan. In [RZ3], 
we characterize the smooth lifespan of the HCMA. In particular, for the HRMA, 
we show that the smooth lifespan T s ^ an (see Definition I2.2j) of the Cauchy problem 
equals the convex lifespan. Hence the directions of smooth geodesic rays are those 
with infinite convex lifespan. 

This article and the next one [RZ2] are devoted mainly to the HRMA and to 
Kahler manifolds with symmetry. However, the quantum analytic continuation po- 
tential constructed in this article (see $2] and $5]) , and the characterization of the 
smooth lifespan in [RZ3], apply to the HCMA and to general Kahler manifolds. 
In addition, we believe that the rest of the methods developed here have natural 
extensions at least to the case of Riemann surfaces. 

Our study is to a large extent motivated by applications to Kahler geometry, that 
we now briefly describe. Let (M, J, uj) denote a closed compact Kahler manifold of 
complex dimension n. Consider the infinite-dimensional space 

H u = {<p€C°°(M) : u^:=oj + V^ld5<p>0}, (1) 

of Kahler metrics in a fixed Kahler class equipped with the Riemannian metric 

[MlBEE] 

9v{C,v)<p--=7r [ C»7<, ye Wo,, CveTyHu^criM)- (2) 
v Jm 

One may show that covariant differentiation on (H u , g L 2 ) is given by 

D c e = e-±^(Vc,Ve), (3) 

where j(s) is a curve in with 7(0) = tp, 7(0) = c£ T^Ti^ and e(s) = e(7(s)) is a 
vector field on Ti^ along 7. Here g v is the Riemannian metric associated to uj v and 
V is the Levi-Civita connection of g v . Hence, geodesies of ^Hu,,gjp) are maps tp 
from a connected subset I of R to T-L w , equivalently functions on / x M, that satisfy 
the equation 

<f>- i^(V0,V0) = 0, on (I\dI)xM. (4) 

Extend p in a trivial manner to (I \ dl) x R x M, i.e., by setting (p to be R- 
invariant, and denote by TT2 the projection map from this product to M, and by 
r = s + \/—lt the holomorphic coordinate on (J \ dl) x R. It was observed by 
Semmes and Donaldson that 

n + l (5) 
{(p - \g v {Vy, V(p)) V^ldr A (if A w£, on (I \ dl) x R x M. 
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Therefore, when <p is regular enough, the geodesic equation is equivalent to the ho- 
mogeneous complex Monge- Ampere (HCMA) equation on the product of a Riemann 
surface with M. 

The initial value problem is the problem of defining the exponential map of 
Although the Cauchy problem is ill-posed for the HCMA, infinite geodesic rays are 
expected to play an important role in Kahler geometry and this is one motivation 



to study the IVP (see pSD EhJ ICTil ICT] IDA ED TM TM El Eu] for relevant 



Kahler geometry background). Yet the ill-posedness makes the Cauchy problem 
very different from the Dirichlet problem corresponding to geodesies connecting 
two given end-points, whose existence and regularity was first studied extensively 
by Chen |Chj . Donaldson |D2| . and Chen-Tian [CTJ. As observed by Mabuchi, 
Semmes, and Donaldson, % u is formally an infinite dimensional symmetric space 
of the type G /G where G is the group of Hamiltonian diffeomorphisms of (M,oj). 
Hence its geodesies should be given by certain one-parameter subgroups of G c , 
which correspond to analytic continuations in time of Hamiltonian orbits. To a 
large extent, the Kahler quantization method of this article is an attempt to put 
these formal arguments on a rigorous basis. 

The article is organized as follows. In Section [2] we describe our approach to the 
IVP using an analytic continuation of Toeplitz quantization. Our main results are 
stated in Section [3j and in Section 0] we recall some background. In Section [5] we 
construct the quantization of the Hamiltonian flow. The results in this Section hold 
on an arbitrary projective Kahler manifold. In Section [6] we specialize to the setting 
of a toric or Abelian variety where we construct a second quantization of the Hamil- 
tonian flow and compare the two quantizations and their analytic continuations. 
In Section [7] we complete the proof of our main result (Theorem [TJ , showing that 
the analytic continuations of the quantizations converge to the Legendre transform 
potential and solve the Cauchy problem until the convex lifespan. 



In this section we define the quantum analytic continuation potential and state 
the general conjecture that it solves the IVP for geodesies in (Ti^^g^), to the extent 
possible, in the case of projective Kahler manifolds. The definition is inspired by 
two prior constructions and is largely aimed at reconciling them. 

The first is a heuristic analytic continuation argument due to Semmes and Don- 
aldson [Si ?]: Let tpo be a smooth function on M, considered as a tangent vector 
in T^Tiu- Let = X<p denote the Hamiltonian vector field associated to 

and (M, w^o) and let exptX^ denote the associated Hamiltonian flow. Then let 
exp v 7 — IsA^q "be" its analytic continuation in time to the Hamiltonian flow at 
"imaginary" time \J — Is. Then "define" the classical analytic continuation potential 
ip s with initial data (y?o,<£>o) by 



2. A Quantum mechanical approach to Monge- Ampere 




(6) 
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Then <p s "is" the solution of the initial value problem. We use quotes since there is no 
obvious reason why exptX^, a rather arbitrary smooth Hamiltonian flow, should 
admit an analytic continuation in t for any length of time. When the analytic 
continuation does exist, e.g., if and ipo are real analytic, then ip s solves the 
initial value problem for the Monge- Ampere equation for s in some (usually) small 
time interval. 

The second construction uses finite dimensional approximations deriving from 
Kahler quantization. The idea is to approximate the space % w by finite-dimensional 
spaces of Bergman (or Fubini-Study) metrics induced by holomorphic embeddings 
of M into F N using bases of holomorphic sections s £ H°(M, L k ) of high powers of a 
polarizing line bundle. Following an original idea of Yau and Tian, such embeddings 
were used in [H [Cj IZ3] to approximate individual metrics. Phong-Sturm [PS1} IPS2| 
then introduced a Kahler quantization method to approximate geodesic segments 
with fixed end-points by geodesies in the space of Bergman metrics. They also 
used the method to define geodesic rays from test configurations. Further work 
on Bergman approximations to geodesies, as well as more general harmonic maps, 
are due to Berndtsson, Chen-Sun, Feng, Song-Zelditch, and others [Blj IB2j ICS! IPel 

EZHE5ZHE5Z2I- 

Our approach combines the two as follows: we define the analytic continuation 
of exptX,p by quantizing this Hamiltonian flow, by analytically continuing the 
quantum flow, and then by taking a kind of logarithmic classical limit of its Schwartz 
kernel. 

Consider the Hilbert spaces of sections L 2 {M,L N ),N £ N, associated to pow- 
ers of a Hermitian line bundle (L,ho) polarizing (M, Ww ), and the corresponding 
orthogonal projection operators 

ITv = U Nm : L 2 (M, L N ) -> H°(M, L N ), 

onto the Hilbert subspaces H°(M, L ) of holomorphic sections. These Hilbert sub- 
spaces allow one to 'quantize' (M, w^,). In order to quantize the Hamiltonian flow of 
X^, on (M, Wb,) we use the method of Toeplitz quantization. Namely, we consider 
the operators 

n N otpQO n N , 

where here (po denotes the operator of multiplication by (£q. We will usually omit 
the composition symbols and denote these by UnipoUn. These are zero-order self- 
adjoint operators. Define the associated one-parameter subgroups of unitary oper- 
ators 

U N (t) := n N e^ tNnN ^ oIlN U N (7) 

on H°(M, L N ). 

A key observation is that there is no obstruction to analytically continuing the 
quantization: each Ujsiijb) admits an analytic continuation in time t and induces the 
imaginary time semi-group 

Un{V—1s) : H°(M,L N ) -> H°(M,L N ), U N (y/=ls) G GL(H°(M, L N ), C). (8) 
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The main idea of this article is that the analytic continuation of exptX,n can be 
constructed by taking a non-standard kind of logarithmic classical limit of the ana- 
lytic continuation of its quantization. We do this by considering the Schwartz kernel 
Upf(—'v—ls)(z,uu) of this operator with respect to the volume form (JVw^)", 

Definition 2.1. Set 

ip N (s, z) := — log U N (-y/-is, z, z). (9) 

We define the quantum analytic continuation potential (foo by 

(Poo(s,z) := lim(sup93Ar) re g(s,z). 

Here, u reg (zo) ■= lim^o sup| 2 _ 2o | <e u(z) denotes the upper semi-continuous regu- 
larization of u. The limit on the right hand side exists and is vr^w-plurisubharmonic, 
since it is a limit of a sequence of decreasing vrjw-psh functions ( |De2 j. §1.5). 

This limit is quite different from the semi-classical limits studied in Toeplitz quan- 
tization, because the analytic continuation in time destroys the Toeplitz structure 
of the kernel. Moreover, the logarithmic asymptotics of the Schwartz kernel is quite 
unrelated to symbol asymptotics. One may think of it as extracting an analytic 
continuation of the 'phase function' of the Toeplitz operator; the 'symbol' of the 
Toeplitz operator is irrelevant. 

Denote by 

S T := [0,T] x R 

the (vertical) strip of width T in C. The IVP for geodesies is equivalent to the 
following Cauchy problem for the homogeneous complex Monge- Ampere equation: 

(n^u + V^Tdd(p) n+1 =0 on St x M, 

ip(0,s, ■) = M-) on{0} xRx M, (1Q) 

5^(0, s, ■) = ip (-) O n{0} xRxM, 

OS 

Note here that the complex Monge-Ampere operator is well-defined on bounded 
plurisubharmonic functions [BT~T| IBT2| . 

Definition 2.2. We define the smooth lifespan (respectively, lifespan) of the Cauchy 
problem OOj) to be the supremum over all T > such that [W\) admits a smooth 
(respectively ir^to-psh) solution. We denote the smooth lifespan (respectively, lifes- 
pan) for the Cauchy data (u} vo ,(p ) by T~ an = ^(w^,, y>o) (respectively, T span = 

Definition 2.3. Define the quantum lifespan T S p an of the Cauchy problem \10\) to 
be supremum over all T > such that the quantum analytic continuation potential 
ifoo solves the HCMA (TFflj). 



We pose the following conjecture, which would give a general method to solve the 
ill-posed Cauchy problem for the HCMA to the extent possible. 
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Conjecture 2.4. The quantum analytic continuation potential (foo solves the HCMA 
for as long as it admits a solution. In other words, T S p an = T span . 

As mentioned above, the key difficulty in the analysis is that although Ujsi(t, z, w) 
is a standard Toeplitz Fourier integral operator quantizing the Hamilton flow of (pQ, 
its analytic continuation Un{— V~ Is, z, z) lies outside the class of complex Fourier 
integral operators, and it is difficult to analyze its logarithmic asymptotics or to 
determine how regular the limit should be. The toric setting provides a testing 
ground where it is possible to make a complete analysis. We only give the details for 
toric Kahler manifolds, but as in [Fej . the same methods apply to Abelian varieties. 

3. Statement of results 

The main results of this article concern the Cauchy problem for the HRMA. While 
the Dirichlet problem for the HRMA has been extensively studied (see [RTl ICNSl 
IGTWl iGz] and references therein), the Cauchy problem has not been systematically 
investigated. We are only aware of [BBj that proves uniqueness of C 3 solutions for 
the Cauchy problem for the more general HCMA, of |Fol4 IFo2] . where a sufficient 
condition on the Cauchy data is given for existence of a smooth short-time solution 
of HRMA depending on the Cauchy hypersurface (for our Cauchy hypersurface, the 
existence of a smooth short-time solution is not an issue, since it follows indepen- 
dently from a classical Legendre duality argument), and of [XJ\ where an explicit 
formula is derived for smooth solutions of the 2-dimensional HRMA. 

In general, the HRMA can be viewed as a special case of the HCMA under the 
presence of sufficient symmetry. In the setting of the HCMA ([5]) corresponding to 
the IVP for geodesies, the reduction to a HRMA precisely corresponds to restricting 
from a general projective variety to a toric or Abelian one. Let us now describe 
briefly this geometric setting, concentrating on the toric case (for more background 
see §g2D. 

A toric Kahler manifold is a Kahler manifold (M, J, uj) that admits a holomorphic 
action of a complex torus (C*) n with an open dense orbit, and for which the Kahler 
form uj is toric, i.e., invariant under the action of the real torus 

T := (S 1 )™. 

We assume that the Cauchy data (oJ(p ,ipo) is toric, and consider the IVP for 
geodesies in the space of torus-invariant Kahler metrics. Over the open orbit 

M ^ (C*) n = l"xT 

the Kahler form gj^q is exact and T-invariant and so we let tpo be a smooth strictly 
convex function on R n satisfying 

^Vo I M = V^lddxfjQ . (11) 

Here [uj] is any integral Kahler class in H 2 (M, Z). The initial velocity ipo is also 
T- invariant, and so it induces, by restriction to the open orbit, a smooth bounded 
function on R n , that we denote by ipQ. Analytically, the IVP is then equivalent to 
studying the following HRMA for a convex function tjj on [0,T] x M n , 
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MA?/> = 0, on [0,7] x R n , 
^(0, •) = Vo(-)> onl", (12) 

^(0,.) = ^(-), onK". 

Here, MA denotes the real Monge- Ampere operator that can be defined as a Borel 
measure on convex functions 

MA / := d^lr A • • • A d-%- , for / convex on M n+1 , 
ox 1 ox n+1 

and equals det V 2 / dx 1 A • • • A cte" +1 on C 2 functions |RT| . 
Let 



P := ImV^o C R n . 

Recall that on a symplectic toric manifold the Legendre transform / i— > f* is a 
bijection between the set of T-invariant Kahler potentials on the open orbit M D = 
(C n )* of the (complex) torus action 



H(T) := {V> E C°°(lR n ) : V^dd^ = u v \ Mo with 93 G and ImV^ = P}, 
and the set of symplectic potentials on the moment polytope P C M n 

£H(T) := {u eC co (P\ dP) n C°(P) : u = V>* with ^ E W(T)}. (13) 

When the latter space is equipped with the standard L 2 (P) metric, this map is in 
fact an isometry and transforms the IVP geodesic equation §S§ to the linear equation 

u = 0, u = ^o, u = -ip ° (Wo)" 1 , (14) 
whose solution is given by 

u s := uo + suq. 

Definition 3.1. Define the convex lifespan of the Cauchy problem hlSfy as 
^spTnW'CbV'o) := sup{s : ipQ- sip o (VV>o) _1 is convex on P}. 



We note that T s c ™ n is independent of the choice of i/jq satisfying (fTTj) . 

At least as long as s < T^ Q , i.e., u s is strictly convex and hence belongs to 
C7i(T), it is well-known that the IVP for geodesies has an explicit solution, 

ij)(s,x) =i> s {x) := (u + su )*(x), s £ [0,T span ), x £ W n . (15) 

For a review of this fact and references we refer to [RZ2]. We call ij) the Legendre 
transform potential. 

What is less transparent is what happens when s > T^ n . Firstly, it should 
be pointed out that, as defined in (|15p . ip s is finite for each x S W 1 . Hence, it is 
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necessarily Lipschitz. Moreover, as we show in [RZ2] . ip s is strictly convex, but not 
differetiable everywhere. 

Denote by % 0,1 (T) the closure of H(T) with respect to the C ' 1 -norm (this space 
contains also convex functions that are not strictly convex). The corresponding 
space of w-psh (plurisubharmonic) functions will be denoted by Hj ■ According to 
the previous paragraph, one has ip s £ H 0,1 (T) for all s > 0. It therefore makes sense 
to consider ip as an infinite ray in the interior of H 0,1 (T). 

Our main result in this article states that the sequence of level iV quantum ana- 
lytic continuation potentials (pw defined by ([9]) converges uniformly to the Legendre 
transform potential ip, and therefore the quantum analytic continuation potential 
ipoo of Definition O solves the HCMA for T < T^™. 

Theorem 1. Let ip := ip — ipo be the one-parameter family of Lipschitz continuous 
uj-psh potentials associated to the Legendre transform potential ip given by IT5\) . and 
let ifN be the quantum analytic continuation potentials given by Then 

lim (fx = ip 

N— >oo 

in C 2 ([0, T] x M) for T < T s c p v a x n , and in C°([0, T] x M) for T > T s c p v a x n . In particular, 
the quantum analytic continuation potential coincides with the Legendre transform 
potential 

ifoo = if e n j\ 

In the sequel, we prove that the quantum analytic continuation potential ip ceases 
to solve the HCMA (|10p for any T > T s C p X n . Moreover, we show that on a dense 
set, whose complement has zero Lebesgue measure, it does solve the equation. We 
state the result in terms of the failure to solve the corresponding HRMA (|12p . that 
corresponds to the HCMA on the open orbit M Q . Let 

A(tp) := { (s, x) : ip is finite and differentiable at (s, x) } C M+ x M n , 

denote the regular locus of and let 

S sing :=l + xl" \ A(V>), 

denote its singular locus. Since ip is everywhere finite, the former is dense while the 
latter has Lebesgue measure zero in IR+ x W 1 . Set, 

X sing (T) := [0,T] xl" \ A(V). 

Theorem 2. (See [RZ2] .) (i) 4> solves the HRMA IW) on the dense regular locus, 

MA^ = on A(ip) cR+x R n . 

In addition, [0,T s c p v a x n ) x W 1 c A(ifi). 

(ii) Whenever T > T s C p X n , V foMs to solve the HRMA fTgj) . In particular, the 
Monge- Ampere measure of ip charges the set S s i ng (T) with positive mass, 

/ MAt/j = / MA^ > 0. 

i[0,T]xR™ ^S S m g (T) 

Equivalently, ip = (p^ ceases to solve the HCMA 110\) . when T > T^ n . However, 
it does solve the HCMA on a dense set in St x M . 
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It is well-known that the Legendre transform linearizes the HRMA, and hence 
that the Legendre transform potential ip is a solution as long as it is sufficiently 
smooth or equivalently as long as the symplectic potential is strictly convex. It 
does not seem to have been observed before that the Legendre transform potential 
fails to solve the HRMA as soon as it ceases to be differentiate. Theorems [U and 
[2] come close to settling Conjecture 12.41 in the case of toric or Abelian varieties. 
They leave open the possibility that there exists an alternative method to solve the 
HRMA. That possibility is investigated in [RZ3j . where it is shown that the Legendre 
solution is in a sense the optimal subsolution among several natural approaches. 

In order to prove Theorem Q] we first show that the operators Un quantize the 
Hamiltonian flow of . This result holds on any projective Kahler manifold 
and does not make use of symmetry. The proof is based on the Toeplitz calculus 
developed by Boutet de Monvel-Sjostrand |BSj| and Boutet de Monvel-Guillemin 
|BG| . We then show that Un is well approximated by a second type of quantization 
that uses the symplectic potential. 

The analysis of the logarithmic asymptotics of Un(—\/—1s, z,z) is closely related 
to the analysis of families of toric Bergman metrics in |SoZl|, IZ4] , and these tech- 
niques allow us to compute the asymptotic spectrum of these operators and conclude 
the C 2 convergence up to T < T s c ™ n . Finally, we prove the global C° convergence 
to the Legendre transform subsolution. The logarithmic classical limit is closer to 
large deviations theory than to semi-classical Toeplitz analysis since it involves the 
analytic continuation in time of the Toeplitz quantization and not the quantization 
itself. 



3.1. Further results. As mentioned above, we prove in jRZ2] that the Legendre 
transform potential fails to solve the equation even in a weak sense after the convex 
lifespan. Consequently the quantization method fails to solve the equation after this 
time, at least in the case of the HRMA. 

But it is plausible that the quantization method produces the solution as long as 
a weak solution exists, and that it is in some sense the "optimal" sub-solution. To 
prove this, it is necessary to investigate whether there exist other ways of solving the 
Cauchy problem after the convex lifespan. This is initiated in a subsequent article 
[RZ3] in the series where we characterize the smooth lifespan of the more general 
HCMA in terms of analytic continuation of Hamiltonian dynamics. In the case of 
the HRMA this characterization shows precisely that T^ an = T^ n , and hence no 
smooth solution exist beyond the convex lifespan. By Theorem [T] this shows that the 
quantization approach solves the Cauchy problem for as long as a smooth solution 
exists. 

We also introduce the notion of a leafwise subsolution, and show that the Legendre 
transform potential is the unique leafwise subsolution to the Cauchy problem. Also, 
in a further sequel we show that in a certain class of admissible subsolutions it is 
impossible to solve the Cauchy problem for the HRMA beyond the convex lifespan. 
This comes sufficiently close to confirming Conjecture l2.4l in the cases of toric Kahler 
manifolds and Abelian varieties with Cauchy data invariant under (S 1 ) 12 . 
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Among Kahler manifolds without large symmetry, it seems most feasible to study 
the Cauchy problem for HCMA on a Riemann surface. The results and methods of 
this series suggest a general conjecture on the lifespan of solutions in that case. We 
plan to discuss it elsewhere. 

4. Background 

4.1. Kahler quantization. Our setting consists of a Kahler manifold (M, uj) of 
complex dimension n with [u>] G H 2 (M,Z,). Under this integrality condition, there 
exists a positive Hermitian holomorphic line bundle (L, h) — > M whose curvature 
form is given locally by 

w = u h = -^^ddlog \\e L \\h , 

where is a nonvanishing local holomorphic section of L, and where He^H/i = 
M e £) e i) 1//2 denotes the /i-norm of e^. 

The Hilbert spaces 'quantizing' (M, oj) are then defined to be the spaces 

H°(M, L N ) 

of holomorphic sections of L N = L<8>- • -®L. The metric h induces Hermitian metrics 
h N on L N given by Hs^lU^ = \\s\\h ■ We give L 2 (M,L N ) the inner product 

INIImib^)^^ / \s\l»{N"h) n . (16) 

v J M 

We then define the Szego kernels as the Schwartz kernels IIjv(z, w) of the orthogonal 
projections 11^ : L 2 (M,L N ) — > H°(M, L N ) with respect to this inner product, so 
that 

(U N s)(y)= [ U N (x,y) S (x)(Nu(x)) n , s G L 2 (M, L N ). (17) 

J M 

(Note that IIjv depends on h although we omit that from the notation.) 

Instead of dealing with sequences of Hilbert spaces, observables and unitary op- 
erators on M, it is convenient to lift them to the circle bundle 

X = {A € L* : ||A|| ft -i = 1}, 

where L* is the dual line bundle to L, and where h^ 1 is the norm on L* dual to h. 
Let us now describe the lifted objects. 

Let p be the function 1 1 A| | — 1 on L*. Associated to X is the contact form 
a = — v 7 — ldp\x = V~ ldp\x and the volume form 

{da) n A a = Tt*u n A a. (18) 

We let row = e^~^ d w, w 6 X, denote the S 1 action on X and denote its infinitesimal 
generator by ^= . Holomorphic sections then lift to elements of the Hardy space 

H 2 (X) C L 2 (X) of square-integrable CR functions on X, i.e., functions that are 
annihilated by the Cauchy-Riemann operator db ■= vr ' 1 o d (where TX 0m. C = 
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T 1,0 X © T 0,1 X © C-jjg and 7r 0,1 is defined as the projection onto the second factor) 
and are 1? with respect to the inner product 

(Fi, F 2 ) = -i- / F{F 2 {da) n A a, F 1 ,F 2 e L 2 (X). (19) 
2ttV Jx 

The S 1 action on X gives a representation of S 1 on L 2 (X) with irreducible pieces 
denoted L 2 N (X). We thus have the Fourier decomposition, 

L 2 (X) = Q)L 2 N {X). (20) 

JV>0 

We denote by D the operator on L 2 (X) with spectrum Z and whose iV-th eigenspace 
L 2 N {X) consists of functions transforming by e^~^ Ne under the S 1 action rg on X. 
Thus, 

the infinitesimal generator of the S 1 action. 

Since the S 1 action on X commutes with <9& we also have H 2 (X) = ®^ =0 H^(X) 
where 

H 2 N (X) := {F G H 2 (X) : Ffow) = e^ Tm F(w)} = L 2 N {X) n ker 
A section sat of determines an equivariant function §n on L* by the rule 

sjv(A) = (A 07V , 8JV (*)) , A G £,*, z G M, (22) 

where A 8Ar = A (g) • • • <8) A. We henceforth restrict s to 1 and then the equivariance 
property takes the form SN(rew) = e lNe §n(w). Up to a factor of N n the map s i->- s 
is a unitary equivalence between H°(M,L N ) and Hfr(X). 

We now define the (lifted) Szego kernel of degree iV to be the Schwartz kernel of 
the orthogonal projection ITv : L 2 (X) — > Hfj(X). It is defined by 

^nF(w) = -i- [ U N (w, v)F(v) (da) n A a (v), F G L 2 (X). (23) 
ZttV Jx 

The full Szego kernel is then 

oo 

n = ^n- (24) 

JV=1 

To simplify notation we will from now on omit the tilde from the lifted projection 
operators on X and simply write II, Ily- 

It was proved by Boutet de Monvel and Sjostrand [BSjj (see also the Appendix 
to |BGj ) that IT is a complex Fourier integral operator (FIO) of positive type, 

ne/ c °(ixi,c) (25) 

associated to a positive canonical relation C. For definitions and notation concerning 
complex FIO we refer to \MS\ |BSj[ [BG]. The real points of C form the diagonal 
As x s in the square of the symplectic cone 

S := { (w, ra(w)) : r > 0, w G X) C T*X, (26) 
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where a is the connection, or contact, form. We refer to [BG], Appendix, Lemma 
4.5. Let lot*x denote the canonical symplectic form on T*X, and let 

w s := w t +x|e (27) 

denote its restriction to S, a symplectic form on E. 

Finally, recall that a Toeplitz operator is an operator of the form n^4n where A 
is a pseudo-differential operator, and a (complex) Toeplitz Fourier integral operator 
is one where A is allowed to be a (complex) Fourier integral operator. When A is a 
pseudo-differential operator we denote by sa its full symbol, and by a a its principal 
symbol. If B is a (complex) Fourier integral operator we denote by <tb its symbol. 



Lastly, the symbol of II£>n is given by ctaIe BSj 



4.2. Toric Kahler manifolds. We now review some geometry and analysis on 
toric Kahler manifolds. Fuller details and exposition can be found in [AJ EJ EJ IRZll 
ISoZH IBTZ]. 

Let T := (5 1 )™. A symplectic toric manifold is a compact closed Kahler manifold 
(M, oj) whose automorphism group contains a complex torus (C*) n whose action on 
a generic point is an open dense orbit isomorphic to (C*) n , and for which the real 
torus T C (C*) n acts in a Hamiltonian fashion by isometries. 

We will work with coordinates on the open dense orbit 

M Q 9* (C*) n 

of the complex torus given by 

z = e *n+^\ (x, 0) g M. n x (S 1 ) 11 . (28) 

Let oj\m = ^J—lddil). The work of Atiyah and Guillemin-Sternberg [At|. IGS2| 
implies that the image of the moment map V^> is a convex polytope P C M. n and 
depends only on [u]. We further assume that this is a lattice polytope. Being a 
lattice Delzant polytope [Delj means that: (i) at each vertex meet exactly n edges, 
(ii) each edge is the set of points {p + tu p j : t > 0} with p £ 7L n a vertex, u p j G Z n 
and span.{«p i, . . . , u p>n ) = Z n . Equivalently, there exist outward pointing normal 
vectors {vj}j =1 C Z n , with vj normal to the j-th (n — l)-dimensional face of P (also 
called a facet), that are primitive (i.e., their components have no common factor), 
and P may be written as 

P = {y e R n : lj(y) := (y, Vj ) — Xj > 0, j = 1, . . . , d}, 

with Xj = (p,Vj) G Z with p any vertex on the j-th facet, and y the coordinate on 
W 1 . Note that the main results in this article extend to orbifold toric varieties, since 
we only make essential use of (i). 

The Kahler form oj is the curvature (1, 1) form of a line bundle L — > M. A 
basis for the space H°(M,L) of holomorphic sections is given by the monomials 
Xa{z) = z a with a G P. More generally, H°(M,L) generates the coordinate ring 
®<fi =1 H°(M,L N ), and each lattice point 7 in NP corresponds to a section x-y °f 
L N -> M defined by 

X-y =Xft® ■■■®X/3 N , (29) 
where j3\, . . . , G P such that 7 = /?i + • • • + /3at (see |STZ| ). 
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We now consider the homogenization (lift to X) of toric Kahler manifolds. The 
lattice points in NP for each JVdN correspond in X to the 'homogenized' lattice 
points NP C Z n+1 of the form 

a N = a := (pci, . . . , a n , Np — \a\), a = {a\, . . . , a n ) G NP n Z n , 

where p = max^gpn^ |/3| . For simplicity, we generally assume henceforth that p = 1. 
We also define the cone 

oo 

Ap : = (J NP. 

N=l 

Rays NS in this cone define the semiclassical limit. 

The monomials Xa lift to the CR monomials Xa{w) = Xa(w), w G X (see (f22|) ). 
for a £ Ap. They are joint eigenfunctions of a quantized torus action on X. Let 

denote the Hamiltonian vector fields generating the T action on M. We use the 
connection form a to define the horizontal lifts £^ of the Hamiltonian vector fields 

if 

= <*($)= 0, l<j<n. (30) 

Let £j G W 1 denote the element of the Lie algebra of T which acts as £j on M. We 
then define the vector fields Ej by: 

Ej := ^ + 27rV Z T(V^ o vr, £*} — = # + 2vr^(V^ o vr)^ — , 1 < j < n. (31) 



Finally, we define the differential operators (lifted action operators), 

Id n 

i=i 

We recall that -^=^ is abbreviated by D and note that I n +i is not the same as 

D. Then the monomials xs are the joint CR eigenfunctions of (Jx, . . . , I n +i) for the 
joint eigenvalues a G Ap, i.e., 

JjXS = «iX2, a G Ap, 4xs = 0, j = 1, . . . , n + 1. (33) 
For simplicity of notation, we denote by the vector of first-order operators 

D ' := ^h( ii ; ")- < 34 > 

and use the same notation for the quantized torus action on H°(M, L N ) and on X. 

Although we are primarily concerned with holomorphic sections over M and their 
lifts as CR holomorphic functions on X, we need to consider non-CR holomorphic 
eigenfunctions of the action operators as well. We thus need to consider the anti- 

2 

Hardy space T~L (X) of anti-CR functions, i.e. solutions of d^f = 0. A Hilbert basis 
is given by the complex-conjugate monomials x&- 
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Products of eigenfunctions are also eigenfunctions. Hence, the orthonormal mixed 
monomials 

are eigenfunctions of eigenvalue a — $ for \jx, . . . , I n+1 }. It can be shown [STZ] that 

L 2 (X)= Cx &3 . (35) 
Q,/3eA P 

It follows that the joint spectrum of (Ji, . . . , I n +i) on L 2 (X) is given by 

Spec (A, . . . , I n +i) = A P - A P = Z n+1 . (36) 

4.3. Convex analysis. Here we define some basic notation related to convex func- 
tions. For general background on Legendre duality and convexity we refer the reader 
to [Roj . 

A vector v G (M n )* is said to be a subgradient of a function / at a point x if 
/(-z) > /(^) + 2! — x) for all z. The set of all subgradients of / at x is called the 
subdifferential of / at x, denoted df(x). 

The Legendre-Fenchel conjugate of a continuous function / = f{x) on W 1 is 
defined by 

f*{y) := sup ((x,y) -/(a?)). 

x£R n 

For simplicity, we will refer to /* sometimes as the Legendre dual, or just dual, of 
/. An open-orbit Kahler potential tp G %(T) is a smooth strictly convex function 
on R n in logarithmic coordinates. Therefore its gradient V^> is one-to-one onto 
P = Im and one has the following explicit expression for its Legendre dual ( [Ro] , 
or [R], p. 84-87), 

<y) = r(y) = (y, (V^)- 1 (y)) - V o (VipyHy), (37) 

which is a smooth strictly convex function on P, satisfying 

Vn(y) = (V^)- 1 (y). (38) 

Following Guillemin [G], the function u is called the symplectic potential of y/—lddip. 
The space of all symplectic potentials is denoted by CH(T). Put 

d 

ug ■= ^ZfclogZfe. (39) 

k=l 

A result of Guillemin [G] states that for any symplectic potential u the difference 
u — uq is a smooth function on P (that is, up to the boundary). In other words, 
(|13p may be rewritten as 

£H(T) = {ue C°°{P \dP) : u = u G + F, with F G C°°(P)}. (40) 
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5. Quantizing the Hamiltonian flow of <p 

In this section (M, uj) is an arbitrary projective Kahler manifold. The first step in 
defining the analytic continuation of exp tX,p is to quantize this Hamiltonian flow. 
We use the method of Toeplitz quantization [BG} IZ2j (see also |Zlj . §5, for some 
exposition). We may state the result either in terms of one homogeneous Fourier 
integral operator on L 2 (X) or as a semi-classical Fourier integral operator on each 
of the spaces L 2 N (X) in the decomposition ([20]) . 

It should be noted that the quantization we use is not unique, i.e., there exists 
more than one unitary group of Toeplitz Fourier integral operators with underlying 
canonical flow equal to the Hamiltonian flow of ifio. Indeed, for any unitary pseudo- 
differential operator V = e^~^ A obtained by exponentiating a self-adjoint pseudo- 
differential operator A of degree zero, and any quantization U{t) of exptX^ , the 
operator V*U(t)V is another quantization with the same principal symbol. This 
lack of uniqueness will be seen below in the fact that we have more than one version 
of the quantization. They are closely related and differ by lower order terms. 

To quantize the classical Hamiltonian, we first quantize the Hamiltonian as the 
zeroth order Toeplitz operator on H 2 (X) where 0o denotes the multiplication 

operator by (po . It is a bounded Hermitian Toeplitz operator. 

Definition 5.1. Define the one-parameter subgroup U(t) of unitary operators on 
L 2 {X) by (cf. m» _ 

u(t) = n e ^ TtnD ^ n n. (4i) 

Its Fourier components are given by 

U N (t) = U N e^ tNUN ^ on ^U N . 

We note that U(t) is not quite the same as ne^~^* D< ^°n, which is manifestly 
the composition of complex Fourier integral operators. However, Un(PoT1n is the 
quantization of ipQ. We compose e V-itNii N ip Ti N w ith jljv to make the operator 
preserve H°(M, L N ). Note that U(t) = Tle^ 1 * 1 ™^ 11 = e V=ItnD^ n n 

We now verify that U(t) is a complex Fourier integral operator with underlying 
canonical relation equal to graph of the Hamiltonian flow at time t of npo on (£, ws), 
where r and (E, wj) are defined in (f26j) - ([27|l . This is the content of saying that U^it) 
is a quantization of the Hamiltonian flow of (po on (M, w™). 

Proposition 5.2. U(t) is a group of complex Toeplitz Fourier integral operators on 
L 2 {X) whose underlying canonical relation is the graph of the time t Hamiltonian 
flow of npo on the symplectic cone (E, we). 

Proof. We first observe that U(t) is characterized as the unique solution of the 
ordinary differential equation 

jU{t) = (v^TnD^on) u(t), u(o) = n. 

We use the following result of Boutet de Monvel-Guillemin, whose proof we sketch 
later. 
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Lemma 5.3. (see |BG| . Proposition 2.13) Let T be a Toeplitz operator on E of 
order p. Then there exists a pseudo- differential operator Q of order p on X such 
that [Q,U] = andT = UQU. 

We apply Lemma 15,31 to T = Ii^oIL Thus, there exists a zeroth order pseudo- 
differential operator Q on X with <7q|e = <A)|s (see |BG| . Theorem 2.9 and Propo- 
sition 2.13 for background). Note that here we identify (fio with its lift to E C T*X. 

bmce IlgV^nDQnn and Ue^^Tl satisfy the same differential equation 

jW{t) = V^lUBQUW(t) 
and have the same initial condition, we have 

u(t) = ne s/=ItnDQn u = ne^^n. (42) 

Here, we use that II 2 = II hence HQ = IlQn and that n and D commute. 

Now e^f-^t^Q i s the exponential of a real principal type pseudo-differential opera- 
tor of order one on L 2 {X) and hence is a unitary group of Fourier integral operators 
on L 2 (X) quantizing the Hamiltonian flow of <tdq on T*X. Since II is a complex 
Fourier integral operator whose real canonical relation is the diagonal in E x S 
BSj|, U(t) is also a complex Fourier integral operator. To complete the proof of the 
Proposition, it suffices to prove that the canonical relation of U(t) is the graph of 
the time t Hamiltonian flow of rtp® on (E,u;e). 

Let *$>t denote the time t Hamiltonian flow of o-qoq on (T*X, ujt+x)- By the 
composition theorem for complex Fourier integral operators |MS| . the operator 
is a complex Fourier integral operator whose canonical relation is the 
set-theoretic composition 

{(v, v) : v G E} o {(p, * t (p) : p G T*X} o {(q, q) : q G E} 

(43) 

= {(m, *t(m)) : meEjnExE. 

Here we make use of the fact that the symbol of n is nowhere vanishing on S and 
that of e v/ ~^ iD< 3 is nowhere vanishing on the graph of It only remains to equate 
(143j) with the graph of the time t Hamiltonian flow of npo on (E,o;s). 
Since [n, Q] = 0, we have 

This implies that the canonical relations of both sides in this equation must be 
equal. The canonical relation of the left hand side equals 

{(v, v) : !)£E}o{(j), tf t (p) : p G T*X} = {(q, V t (q) : q G E}. (44) 

Equating this to (143j) it follows that ^ preserves S. Hence, the Hamiltonian vector 
field X T J ^ Q of with respect to ojt*x is tangent to the symplectic sub-cone E. 

We note that the symbol of D is the Clairaut integral <td(x,£) = (£, Jg)- Since 
a (w) = ^ ( see ' e- S-> IE], P- 69), it follows from ([26]) that <td|e = r. Recall also that 
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°~q\t> = V'ols- Thus, to complete the proof it remains to show that the restriction of 
to E is the Hamiltonian flow of 



odOqIe = ripo (45) 

At a point of E, we have 



on (E,ws). Let -X^, be the Hamiltonian vector field of ctdO'qIe with respect to u>£. 



Evaluating these 1-forms on all tangent vectors Y G TE, and using (127j) . (|45h . and 
that -Xctuo-q is tangent to E, we conclude that X^ o = Xj^ Q . This completes the 
proof of Proposition 15.21 □ 



Remark 5.4. The fact that the Hamiltonian vector field X aD(TQ of ctdcq preserves 
E is equivalent to the fact that the Hamilton vector field X aQ preserves E. Indeed, 

Since [D, Q] = and hence {<td, pq}w t * x = the flows of X aQ and of X au commute. 
Hence the Hamiltonian flow of X aT)(TQ equals the composition 

exp tauX aq o exp ta Q X aD . 

The restricted vector field X aD \-£ = -§q\t, is equal to X aD \^ since the principal S 1 - 
action preserves E (by (|26p . as it preserves a). Hence its flow always preserves E. 
The fact that the flow of X aQ preserves E is proved in [BG] . Proposition 11.4 and 
the Remark following it. The proof uses the construction of Q and Toeplitz symbol 
calculus, and is therefore similar to the one given above. 

For the sake of completeness, we briefly sketch a proof of Lemma 15.31 following 
the proof of a similar assertion in |GSlj . Theorem 5.8 and Lemma 5.9. 

Lemma 5.5. Given a smooth real-valued function q on M , homogeneous of degree 
zero, there exists a self-adjoint pseudo-differential operator Q such that [Q, H] = 
and such that ctq|e = q. 

The proof uses symbol calculus and spectral theory, all of which are available in 
the Toeplitz setting. The first observation is that the principal symbol of [n, ipo] 
vanishes, hence it is complex Fourier integral operator (or more specifically Toeplitz 
operator) of order —1. By adding an operator Q-i to c/5o and using transport 
equations for the symbol, one can arrange that the symbols of order —1 and order 
—2 of [n, ipo + Q-i] equal zero. By repeating infinitely often and asymptotically 
summing the operators, one can find Q such that [n, Q] = and — HQ are 

smoothing. One then puts Q = Q + nc^n — nQR 
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6. TWO QUANTIZATIONS OF THE HAMILTONIAN FLOW ON A TORIC MANIFOLD 



In this section we specialize the construction of Section [5] from a general projective 
manifold to a toric manifold and study its asymptotic spectrum. We then give an 
alternative quantization of the Hamiltonian flow of ipo in the special case of a toric 
manifold and compare the two quantizations. These results will then be applied in 
Section [7] to complete the proof of Theorem [TJ 

Recall from §i j4.2 1 that the toric monomials {xa(z) := z a } aeNPn %n are an orthog- 
onal basis of H°(M,L N ) with respect to any toric- induced Hilbert space structure 
on this vector space. Hence any such toric inner product is completely determined 
by the L 2 norms (up to N n /V), or "norming constants," of the toric monomials — 

QhH<») ■■= WXaWl* = [ \z a \ 2 e- N ^ n h . (46) 

Here we let h = with ip £ H(T). As in [SoZl] , we put 



V h N{a,z) : = — 



h N 



\Xc 



6.1. The quantization of the Hamiltonian flow using the Kahler velocity. 

In this subsection we study the one-parameter subgroup U(t) given by Definition 
15. li on a toric manifold. 

The first observation is that since ipo is torus-invariant the multiplication op- 
erator ipo preserves the block decomposition fj20f) . Therefore the toric monomials 
diagonalize the Toeplitz operators UnlpoTIn, that is, 

H-N^O^-NXa = HN,aXa, (47) 

for some real numbers {^N,a}aeNPnz n - Since {Xa}aeNPnz n are orthogonal with 
respect to a toric inner product we have 

VN,a = n ~, I / ip \Xa\ 2 h N^ - (48) 

Hence we have the the following expression for the level iV quantum analytic 
continuation potential induced by U{\J— Is): 

Xa(z)\ 2 



1 , 1 \Xa{Z)\ N 

V N (s,z) = -logU N (-^ls,z,z) = -\og ^ e sN ^ £ . (49) 

6.2. An alternative quantization using the symplectic potential. We now 

introduce a second quantization in the special case of a toric manifold for which the 
eigenvalues are special values of the velocity of the symplectic potential. In effect, 
it is an explicit construction of the operator Q in Lemma 15.31 at least to leading 
order (which is sufficient for our purposes). 
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Definition 6.1. Define the one-parameter subgroup V(t) of unitary operators on 
L 2 (X) by 

v(t) = ne-^woP/D-^, 

Its Fourier components are given by 

V N (t) = IL N e-^ tm ^ N - lD ^Il N . 

It follows that the level N quantum analytic continuation potential induced by 
V(y/—ls) is given by 

<PN{s,z) := —logVN{-V-ls,z,z) 

|y (z)\ 2 ^ 
N g ^ Q hN {a) ' 

In order to relate (f>N to the actual quantum analytic continuation potentials cpjsr 
the following fact is crucial. 

Proposition 6.2. The sequence of unitary operators {Vi\i(t)}]sr>i is a semi- classical 
complex Toeplitz Fourier integral operator quantizing the time t Hamiltonian flow of 
tpo on (M,uj V0 ). 

We note that, equivalently, Proposition 16.21 could be stated in 'homogeneous' no- 
tation, that is, in an identical manner to Proposition 15.21 with U(t) replaced by 
V{t). 

Proof. It is convenient to lift to the circle bundle X and use the full spectral theory 
of the action operators of § §4.2l 

We observe that nuo(-t>/D _1 )n is defined by the Spectral Theorem to be the 
operator on 

H 2 (X)\C=®H 2 N (X) 

whose eigenfunctions are the same as the joint eigenfunctions of the quantum torus 
action, i.e., the lifted monomials 

{x& '■ ol G Ap}, 
and whose corresponding eigenvalues are 

(n (a/iV) : N G N, a G NPC\Z n }. 

However, in order to apply classical results concerning operators of the form e^~^ tp 
where P is a real first-order pseudo-differential operator of principal type we need to 
replace uq(D ^D _1 ) with an operator defined on all of L 2 (X). Yet, since eventually 
we pre- and post-compose with II, we are ultimately only interested in the restriction 
to H 2 (X) \ C of the extended operator. Hence we would like the extended operator 
to coincide with u't^-DjD -1 ) on H 2 (X) \ C. This is the purpose of the following 
Lemma. 
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Lemma 6.3. There exists a pseudo-differential operator R of order zero on L 2 (X) 
such that 

r \h*(x)\C = «oCD/D _1 )|#2( X )\ c . (51) 

Proof. There are two obstacles to defining -^(-DfD -1 ) on all of L 2 (X). First, ac- 
cording to (|35p - (|36p we need to define uo on while originally it is only defined 
on P. Second, the operator D _1 is only defined on the orthocomplement of the 
invariant functions on X for the S 1 action. The non-constant CR functions are or- 
thogonal to the invariant functions, so Huq(D |D _1 )II is well-defined on H 2 (X) \C. 
But we wish to extend ito(-D/D _1 ) outside the Hardy space. 

To deal with the first point, note that since uq is smooth up to the boundary 
of P, we may assume it is defined in some neighborhood of P in R n , and then 
multiply it by a smooth cutoff function rj equal to 1 in a neighborhood of P and 
with compact support in W 1 . Then niio is a smooth function of compact support 
in R n , and i]iio(D fB' 1 ) = (r/u' )( J D/D" 1 ) is well-defined on (kerD)- 1 C L 2 (X). As 
noted above, 

H 2 N (X) = H 2 (X)\CC (kerD)" 1 , 

iVeN 

and since 

Spec^D _1 | H 2( X) \ c C P, 

we have 

r ] u (Dj'D- 1 )\ H 2 ix) \ c = ti (Dj~D- 1 )\ H 2 {x) \ c . (52) 

We now turn to the second point. There are several ways of handling it; in addi- 
tion to the construction that follows we mention two other possibilities in Remark 
!6.5l below. For any e > let 7 e = 7e(<7f, <td) £ C°°(T*X\{0}) denote a homogeneous 
frequency cut-off, equal to 1 in an open conic neighborhood 

{(x,t)€T*X\{0} : M<e{\a D} \ 2 + a 2 ) ) 1/2 } (53) 

of the set {ctd = 0}, and vanishing on 

{(x,C)eT*X\{0} : |a D |>2e(|a D/ | 2 + ^) 1/2 } 

(note that n + 1 of the vertical directions in T*X are not involved). Let f3 G Z™ +1 , 
and let \p £ L 2 {X) be the associated monomial. Denote by 7 e (Dj,D) the Fourier 
multiplier associated to j e , namely such that 

This defines %(Dj,'D) on L 2 (X) (see (f35|) ). Let I denote the identity operator on 
L 2 (X). Then I — 7 e (L>j=,D) is a pseudo-differential operator with 

kerD C ker(/-7 e (L>;,D)), 

and 

R e := quop/D- 1 )^ - % (D t , D)) 
is a pseudo-differential operator of order zero, defined on all of L 2 (X). 
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To complete the proof of the Lemma, we will prove that (|5ip holds for R := R e , 
for any e > small enough. 

Let a £ Ap with Xa G H°(M, L N ), a G iVPnZ™. We claim that for small enough 
e > in ([53]) we have 

7e(£i,D)Xa(V) = j e (a, N)xa{w) =0. 

For the second equality, note that for (w,ra(w)) G E, we have 7 e (iu, ra(w)) = 
unless 

r < 2er(|VV>o °vr(-u;)| 2 + 1) 1/2 , (54) 

where ir : X — > M is the bundle projection map. For r > equation (|54p cannot 
hold if we take e such that 

< e < — 1 =, (55) 
2 V su PyeP l y ' 2 + 1 

since V^o ° 7r(w) G P (and P is a bounded set in W 1 ). This proves the claim, for 
e satisfying (|55p (note that in the proof of the last assertion, instead of working in 
'homogeneous' notation, we could have replaced r > by N 6 N and rV^o ° 7r(w) 
by a G iVP). It follows that 

/ = J- 7e ( J D f ,D), on# 2 (X)\C. 

Together with (|52p this proves that 

u'o(^D _1 )n = r]u (D } 'D- 1 )(I - %(Dj, D))II, for each e satisfying (1551) . 

as desired. □ 

The following Lemma is the concrete realization of Lemma 15.31 in the setting of 
toric Kahler manifolds. 

Lemma 6.4. Let e satisfy ( f55j) and let R := nu^D jD~ l )(L - -f e (Dj,~D)). The 
operator HRH is a Toeplitz operator of order zero and its symbol is given by 

o-r(w, £) = u o Wo ° n(w) = -<^ ^(tu), (it;, £) G S, 
where it : X — > M is i/ie projection onto the base. 

Proof. As noted in the proof of Lemma I6.3] the symbol of J — y e (Dt, D) equals one 
on E. In addition, when restricting to E, the operator uq{D ^D _1 ) has a well-defined 
symbol, equal to the symbol of r/u'o(-D|D _1 ), restricted to E. 

On E, the symbols of the vector fields £^ (see (|30p ) are the Clairaut integrals 

d^(w,ra(w)) = a«,(£j) = 0. 

Hence, on E, the symbol of < j < n, is that of the second term in (|31h : 
2ir\/— lr(V^o ° 7r )j- By the normalization of (|34h therefore 

aDf(w,ra(w)) = rVipo o ir(w). 

Since aj^-x (w, ra(w)) = 1/r (see the proof of Proposition 15. 2p . it follows that the 
symbol of u'o(-D/D _1 ), restricted to E, is u'o(7r*V'i/>o) and thus equals the stated 
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Hamiltonian ctr. It is the lift of the Hamiltonian H(z) = uq o \/^o(z) to the cone 
S = S h0 . □ 

We may now conclude the proof of Proposition 16.21 Indeed, from Lemma 16.31 we 
have that 

v{t) = ne-^n. 

Since Di? is a real principal type pseudo-differential operator of order 1, it follows 
that e V-^ tDR i s a unitary Fourier integral operator whose canonical relation is given 
by 

C = {(KO>,C)) = K0.("-0 eT*X\{0},(w,0 =exptX™(y,Q} 

(see, e.g., |DG| . Theorem 1.1, or |Hj, Theorem 29.1.1; note that ellipticity is not 
essential). It follows then from Lemma 16.41 that the canonical relation of V(t) is 
given by the time t flow-out of £ under the flow of the Hamiltonian — <td_r = 
rir*(po with respect to (T*X,ojt*x)- As shown in the proof of Proposition 15.21 this 
coincides with the time t flow of £ under the flow of the same Hamiltonian with 
respect to (S,cjs). Finally, the corresponding statement for the operators Vjv(i) 
asserted in the Proposition follows by 'de-homogenization', since when restricting 
to H°(M,L N ),N G N, the operator D simply acts by multiplication by N, and so 
we may replace r by the constant N, concluding the proof. □ 



Remark 6.5. In place of ■y t (Dj,~D) we could use at least two other constructions. 
First, we could replace uo(.D^D _1 ) with the globally well-defined operator 

u (Dj(I + IDI 2 )- 1 / 2 ). 

We have that sd / (1 + |sd| 2 ) ~ s DjSj^ asymptotically as r — > oo in S. Therefore, 
the principal symbols (that are homogeneous of degree 0) of the associated Toeplitz 
operators are equal, &u (d-(i+\t>\ 2 )- 1 / 2 )\z = a uo{D t T>- 1 ) Is- However, this new op- 
erator has different eigenvalues (although this would not matter later in proving 
Theorem [H since § - = (9(l/iV 3 )). 

Alternatively, we could use the orthogonal projection Hq- onto the orthogonal 
complement of the invariant functions. This is finer than 1 — x(D) since its symbol 
vanishes outside {od = 0} and not just outside an open cone containing it. Note 
that {<td = 0} C T*X is the 'dual' of the horizontal bundle over X in TX (with 
respect to the connection a), and does not intersect S which is itself dual to the 
vertical bundle. Since the spectrum of D lies in Z, the operator 77Uo(-D^D _1 )Hq is 

well-defined on all of L 2 (X). From the formula Uq = e^^-^dO, we see that 

Ho is a zeroth order Fourier integral operator whose canonical relation is 

C = {((w,0, (w',0) G T*X \ {0} x T*X \ {0} : 

od(w, = 0, w' = e^w, £' = e^ e £, for some 6 G [0, 2vr) }. 

Since = I — Uq is also a Fourier integral operator, (7yn'o)(-D6iD _1 )no L is a well- 
defined Fourier integral operator and Hi]Uo(D6~D~ 1 )I1qTI = TLriuo(DQ~D~ 1 )Tl, as 
Toeplitz Fourier integral operators. We can then compute the symbol of the Fourier 



THE CAUCHY PROBLEM FOR MONGE-AMPERE, I 



23 



integral operator t]Uo(Dq~D~ 1 )I1q using the composition theorem [H] and obtain the 
same answer as in the proof of Lemma 16.41 since C has an empty composition with 
the canonical relation of II, As x s C X x £, as <td|s 7^ 0. 



6.3. Comparison of the quantizations. The reason we introduced the second 
quantization is that its eigenvalues are explicitly given in terms of the symplectic 
potential. Since both of our unitary one-parameter subgroups quantize the same 
Hamiltonian flow, we obtain the following relation between their spectra. 

Lemma 6.6. We have 

VN,a = -M^) + 0(l/N). 
More precisely, there exists C > independent of N or a G NP such that 

C 

\m,a + u (a/N)\ < —. 

Proof. By Lemma HT4l ILv^oITv arid —Hnuo(D fT)~ 1 )HN are zeroth order Toeplitz 
operators with the same principal symbols. Hence they differ by a Toeplitz operator 
of order -1. Let \a G H°(M,L N ). It follows that 

_ (^N^NXa,Xa) _ ( U NU { D j^^NXa, Xa) n fl 

m ' a ~ Otf(a) " Q K (a) +U \N 

proving the Lemma. □ 

Remark 6.7. We briefly relate the Lemma above to some calculations in [SoZl] [Z4] . 
First, n JV ?io( J D|D- 1 )n i v(z, z) is precisely the kind of Bernstein polynomial discussed 
in |Z4] , There it was shown that 

n wUo ( J D / D- 1 )n JV (z,z) = N n ii (VMz)) + O^" 1 ) = -Vo(z)N n + 0{N n ~ l ). 

In the language of Berezin- Toeplitz operators, this shows that Hnuo(D j~D~ 1 )Un and 
— LT^oLItv have the same Berezin symbol. There is an invertible (Berezin) transform 
from the Toeplitz symbol (calculated in Lemma [6.4j) and the Berezin symbol, so this 
gives another proof of Lemma 16.61 (noting the N n factor in passing from H^(X) to 
H°(M,L N ), see jjjgTJ. 

One could also evaluate the eigenvalues directly by pushing forward the eigenvalue 
integral to P via the moment map V^o and using equations (|28p .(|37 p . and the 
identity 

(V^o)*< = dy, 

giving 

ma = 1 f -u (y)e N ( Uo ^ + ^- y ' Vuo ^dy. (56) 



Qh»( a ) Jp 

Integrals similar to this one are calculated asymptotically in [SoZlJ. For instance, 
when d(jj,dP) > °% we may apply the steepest descent method to ([56]) . There 
is a unique critical point y = -ft and 

1 1 

VN, a = —7\ — ^M»/N)Q h N(a) + O(-). (57) 
Q h N{a) N 
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The evaluation in the boundary zone is more complicated and can be done by Taylor 
expansions centered at the boundary. 

As a corollary of Lemma 16.61 we have a corresponding result on the level of po- 
tentials. Let h s = e~ v>s hQ. 

Corollary 6.8. There exists a constant C > independent of N or z such that 

i ~ / s / m . CslogN 

\<PN{S, Z) - ip N {S, Z)\ < — . 

Proof. By Lemma 16.61 we have for some uniformly bounded function R(N, a) that 

lv I 2 



<PN(s,z) =^logE^ 

rv ' L t\ x 



\y I 2 

— W V p sNu (a/N)+sR{N,a) '^"'^ 

N S2 - Q h M(a) 
a a o 



(58) 



The result now follows by comparing this with the expression (|50p for <^jv(s, z). □ 

Equation (|58|) leads to a heuristic proof of Theorem [TJ According to [SoZlJ 
(Propositions 3.1 and 6.1), 

Q h N(a) = F(a,N)e Nuo{a/N) /N c ^' n \ (59) 

where C(a,n) and F(a,N) are some uniformly bounded functions. Substituting 
this into (1581) we obtain 



m (s, z) = -j- log Y, e N « x ' a / N ^ ^- u ^ N » +sR ( N ^ + 0(log N/N). ( 60 ) 

a 

Intuitively, the leading order logarithmic asymptotics are given by the value of the 
principal part of the exponent, 

(x,a/N) -if>o(x)-u a (a/N), 

at its maximum (over a G NP n Z n ). But this value is u*(x) — i^q(x), as stated in 
Theorem 1. 

In the next section we give a rigorous proof. 

7. Convergence of the quantization to the IVP geodesic 

We now complete the proof of Theorem [TJ We study the large N limit of 

<p N (8,z) = ±]og £ e sN ^V h N(a,z), (61) 

First note that the C 2 (M x [0, T s c p v a x n )) convergence is a direct corollary of the work 
of Song-Zelditch [SoZlJ. Indeed for all T < T s c ™ n the geodesic is smooth and so we 
may consider it as a smooth endpoint geodesic connecting ipo to </?r G H(T). It thus 
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remains to prove that (ppf(s,z) converges to <p s (z) in C°(M x [0,T]) for all T > 0. 
The argument here is somewhat different than the corresponding C° convergence 
results in [RZ1, S 6ZTl[SoZ2] due to the fact that our limit is less regular, namely only 
Lipschitz. Due to this reduced regularity we may not apply asymptotic expansions 
for families of smooth Bergman metrics (for example the asymptotic expressions for 
the norming constants or the peak values of the monomials derived in [SoZl]), nor 
can we use the standard asymptotic expansion of the Bergman kernel [Z3]. Finally, 
we also do not have a genuine moment map. 

According to Corollary I6.8|, in order to prove convergence of (pjsr(s,z) to </? s (z) it 
will be enough to consider the difference 

E N (s,z):=f> N (s,z)-cp s (z) = ±-log V e -^W^ j^k ( 62 ) 

Theorem Q] will then follow from the following result. 

Lemma 7.1. For every T > 0, we have 

lim sup \\E N (s,z)\\cof M ) = 0- (63) 
N ^°°selo,T} 

Proof. Whenever T < T s c ™ n the result follows directly from (|59p and the asymptotic 
expansion of the Bergman kernel: applying (|59p to ho , using the explicit formula for 
u s and then applying ([59]) to h s , we obtain 

1 \Xa(z)\ 2 h N 

En (s,z)= -io g y: -q^A+°^ n w> 

and this is O (log N/N) by the asymptotic expansion of the Bergman kernel [Z3j . 
Here by 0(logN/N) we mean a quantity that is bounded from above and below by 
±C °^ where C may depend on the Cauchy data and on T. 
Assume now that T > T s c ™ n . First, we have 

c -sm n (a/N) IXa(*)lfc _ c -sNu a (a/N) e^ a )~ N 1" 

From the definition of the Legendre transform we obtain that this is bounded from 
above by 

e -sNu {a/N)+{x, a )+Nu a {a/N)-N{x, a /N) / Q ( a ) = e Nu (a/N) /Q, N (a). 

f Q 

Applying (|59|) to ho and using the fact that dim H° (M , L N ) is polynomial in N we 
obtain that 

E N (s,z)<0(logN/N). 

We now turn to proving a lower bound for En(s,z) when T > T s c ™ n . Rewrite 
(EgD as 

e (x,a)-Nil> e -Nu a (a/N)p/^ j\r)jV _C '. 
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A lower bound for En(s,z) will follow once we find one summand in (|62p that is 
not decaying to zero too fast. More precisely, we will seek N = N(s, x) and one 
a = a(N, s, x) G NP n Z n for each N > N, for which 

e {x,a)-Ni> 3 -Nu 3 (a/N) > g-CW 1 " 5 

for some e > 0. 

Fix x G W 1 (recall \z\ 2 = e x ). The Kahler potential il) s is defined on all of W l and 
satisfies 

ip a (x) > (x,y) - u s (y), Vy G P, (65) 
with equality if and only if y G dip s (x) (see [Ro ). Let y\ G P satisfy equality in 
(f65|) . It exists, since the supremum in 

ip s (x) = swp[(x,y) - u s (y)}, 

y&P 

in necessarily achieved and finite (P is compact and u s is bounded); hence by con- 
vexity of tp s we have dip s {x) 7^ 0, and one may choose then y\ G dip s (x). Then we 
need to find N = N(s, x) and a = a(N, s, x) such that 

e N((x,a/N- yi )+u s ( yi )-u s ( a /N)) > ^CN 1 '^ for e&ch > jy. 

In fact we will derive such an estimate where the right hand side is e ~ c ^°s N _ First, 
we need the following result concerning dip s (x). 

Claim 7.2. Let x G K n and let y x G dip s (x). Then y 1 G P \ dP. 

Proof. Note that by duality x G du s (y\) (this holds even though u s need not be 
convex, see [HLj . Theorem 1.4.1, p. 47), and in particular du s {y\) 7^ 0. Therefore, 
it suffices to show that \\m y ^Qp \\7u s {y)\ = 00, since that will imply that du s {y) = 
whenever y G dP. 

Let {wi} C P \ dP be a sequence converging to y G dP. Assume without loss 
of generality that l±, . . . , l n provide a coordinate chart in a neighborhood of y in P. 
Using Guillemin's formula (j39|) . in these coordinates the gradient of u s takes the 
form (log l\ + hi, . . . , log l n + h n ), where hj G C°°(P), j = 1, . . . , n. It then follows 
that lim^dp \Vu s (y)\ = 00, as desired. □ 

The points {a/N}^p n z" are C/iV-dense in P, where C > is some uniform 
constant. Hence, for each of the 2 n orthants in M n there exists a point a/N that 
is C /iV-close to y\ and such that the vector a/N — y\ is contained in that orthant. 
Now let N be chosen large enough so that dist(yi,<9P) > C/N (possible by Claim 
I7.2p . Further, let N be chosen so large such that we may find a\ = a\{N) such that 
cn/N eP\dP and 

dist(«i/A>,aP) > C/N, (66) 

and also 

C C 
(a 1 /N-y 1 ,x) > 0, and < \ai/N - Vl \ < ^. (67) 

Note that y\ depends only on s and x and so does N. Further, for every N > N one 
may find an a\ = a\{N) satisfying the inequalities (I66p and (167(1 with iV replaced 
by N . 
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Applying the mean value theorem to the line segment between a\/N and y\, it 
follows that 

e N((x,ai/N-yi)+u s (yi)-Us(ai/N)) > e -N\y 1 -a 1 /N\\Vu s (y2)\ ^ fQg\ 

where 1/2 € P \ dP is some point on the line segment between ot\/N and y\. Hence, 

dist(y 2 ,dP) > C/N. 
By Guillemin's formula (|39p . we therefore have 

|Vn s (y 2 )| < ClogN + s\\u \\ c i (P) < C r logiV, 
for some constant Ct that depends on T. It follows that 

E N ( S , Z ) > — log e^((*.ai(JV)/^-Itt>+«.(Vi)-tt.(ai(iV)/>0) 

(69) 

>lloge-^ lo ^> ~ Crl ° giV , 
and this concludes the proof of Lemma 17.11 □ 
Lemma 17.11 completes the proof of Theorem [TJ 



Acknowledgments. This material is based upon work supported in part under 
National Science Foundation grants DMS-0603850, 0904252. Y.A.R. was also sup- 
ported by graduate fellowships at M.I.T. and at Princeton University during the 
academic year 2007-2008, and by a National Science Foundation Postdoctoral Re- 
search Fellowship at Johns Hopkins University during the academic year 2008-2009. 
Some of the results of this article were first presented in October 2008 at the con- 
ference "Perspectives in Geometric Analysis" held at the BICMR. 



References 

[A] M. Abreu, Kahler geometry of toric manifolds in symplectic coordinates, in: Symplectic 

and contact topology: interactions and perspectives (Y. Eliashberg et al., Eds.), American 
Mathematical Society, 2003, pp. 1-24. 

[At] M. Atiyah, Convexity and commuting Hamiltonians, Bull. London Math. Soc. 14 (1982), 
1-15. 

[AT] C. Arezzo, G. Tian, Infinite geodesic rays in the space of Kahler potentials, Ann. Sc. 

Norm. Super. Pisa CI. Sci. (5) 2 (2003), 617-630. 
[BB] E. Bedford, D. Burns, Holomorphic mapping of annuli in C n and the associated extremal 

function, Ann. Sc. Norm. Sup. Pisa CI. Sci. (4) 6 (1979), 381-414. 
[BT1] E. Bedford, B.A. Taylor, The Dirichlet problem for a complex Monge-Ampere equation, 

Inv. Math. 37 (1976), 1-44. 
[BT2] E. Bedford, B.A. Taylor, A new capacity for plurisubharmonic functions, Acta Math. 149 

(1982), 1-40. 

[Bl] B. Berndtsson, Positivity of direct image bundles and convexity on the space of Kahler 

metrics, J. Diff. Geom. 81 (2009), 457-482 
[B2] B. Berndtsson, Probability measures related to geodesies in the space of Kahler metrics, 

preprint, larXiv:0907.1806l 



28 



YANIR A. RUBINSTEIN AND STEVE ZELDITCH 



[BG] L. Boutet de Monvel, V. Guillemin, The spectral theory of Toeplitz operators, Princeton 
University Press, 1981. 

[BSj] L. Boutet de Monvel, J. Sjostrand, Sur la singularite des noyaux de Bergman et de Szego, 
Asterisque 34-35 (1976), 123-164. 

[CNS] L. Caffarelli, L. Nirenberg, J. Spruck, The Dirichlet problem for the degenerate Monge- 
Ampere equation, Rev. Mat. Iberoamericana 2 (1986), 19-27. 

[C] D. Catlin, The Bergman kernel and a theorem of Tian, in: Analysis and geometry in 

several complex variables (G. Komatsu et al., Eds.), Birkhauser, 1999, 1-23. 

[Ch] X.-X. Chen, The space of Kahler metrics, J. Diff. Geom. 56 (2000), 189-234. 

[CS] X.-X. Chen, S. Sun, Space of Kahler metrics (V) — Kahler quantization, preprint, 
larXiv:0902.4149l 

[CTa] X.-X. Chen, Y.-D. Wang, Test configurations and geodesic rays, Asterisque 321 (2008), 
139-167. 

[CT] X.-X. Chen, G. Tian, Geometry of Kahler metrics and foliations by holomorphic discs, 

Publ. Math. Inst. Hautes Etudes Sci. 107 (2008), 1-107. 
[Del] T. Delzant, Hamiltoniens periodiques et images convexes de l'application moment, Bull. 

Soc. Math. France 116 (1988), 315-339. 
[De2] J.-P. Demailly, Complex analytic and differential geometry, manuscript, 9 June 2007. 
[Dl] S.K. Donaldson, Symmetric spaces, Kahler geometry and Hamiltonian dynamics, in: 

Northern California Symplectic Geometry Seminar (Ya. Eliashberg et al., Eds.), American 

Mathematical Society, 1999, pp. 13-33. 
[D2] S.K. Donaldson, Holomorphic discs and the complex Monge-Ampere equation, J. Symp. 

Geom. 1 (2002), 171-196. 
[DG] J.J. Duistermaat, V.W. Guillemin, The spectrum of positive elliptic operators and periodic 

bicharacteristics, Invent. Math. 29 (1975), 39-79. 
[Fe] R. Feng, Bergman metrics and geodesies in the space of Kahler metrics on principally po- 
larized Abelian varieties, preprint, arXiv:0910.2311 , To appear in Jour. Math. 1st. Jussieu. 
[Fol] R.L. Foote, Differential geometry of real Monge-Ampere foliations, Math. Z. 194 (1987), 

331-350. 

[Fo2] R.L. Foote, A geometric solution to the Cauchy problem for the homogeneous Monge- 
Ampere equation, Proc. Workshops in Pure Math. 11 (1991), 31-39, The Korean Academic 
Council. 

[GTW] P.-F. Guan, N.S. Trudinger, X.-J. Wang, On the Dirichlet problem for degenerate Monge- 
Ampere equations, Acta Math. 182 (1999), 87-104. 

[G] V. Guillemin, Kaehler structures on toric varieties, J. Diff. Geom. 40 (1994), 285-309. 
[Gz] C.E. Gutierrez, The Monge-Ampere equation, Birkhauser, 2001. 

[GS1] V. Guillemin, S. Sternberg, Some problems in integral geometry and some related problems 

in microlocal analysis, Amer. J. Math. 101 (1979), 915-955. 
[GS2] V. Guillemin, S. Sternberg, Convexity properties of the moment mapping, Invent. Math. 

67 (1982), 491-513. 

[H] L. Hormander, The analysis of linear partial differential operators, Vols. I-IV, Springer- 
Verlag, 1990. 

[HL] J.-B. Hiriart-Urruty, C. Lemarechal, Convex analysis and minimization algorithms II, 
Springer, 1993. 

[M] T. Mabuchi, Some symplectic geometry on compact Kahler manifolds (I), Osaka J. Math. 
24 (1987), 227-252. 

[MS] A. Melin, J. Sjostrand, Fourier integral operators with complex-valued phase functions, 

Lecture Notes in Math. 459 (1975), 120-223. 
[PS1] D.H. Phong, J. Sturm, The Monge-Ampere operator and geodesies in the space of Kahler 

potentials, Invent. Math. 166 (2006), 125-149. 
[PS2] D.H. Phong, J. Sturm, Test configurations for K-stability and geodesic rays, J. Symp. 

Geom. 5 (2007), 221-247. 



THE CAUCHY PROBLEM FOR MONGE-AMPERE, I 



29 



[PS3] D.H. Phong, J. Sturm, Lectures on stability and constant scalar curvature, in: Current 
developments in mathematics 2007, International Press, 2009, pp. 101-176,. 

[RT] J. Rauch, B.A. Taylor, The Dirichlet problem for the multidimensional Monge-Ampere 
equation, Rocky Mountain J. Math. 7 (1977), 345-364. 

[Ro] R.T. Rockafellar, Convex analysis, Princeton University Press, 1970. 

[R] Y.A. Rubinstein, Geometric quantization and dynamical constructions on the space of 

Kahler metrics, Ph.D. Thesis, Massachusetts Institute of Technology, 2008. 
[RZ1] Y.A. Rubinstein, S. Zelditch, Bergman approximations of harmonic maps into the space 

of Kahler metrics on toric varieties, J. Symp. Geom. 8 (2010), 239-265. 
[RZ2] Y.A. Rubinstein, S. Zelditch, The Cauchy problem for the homogeneous Monge-Ampere 

equation, II. Legendre transform, preprint, arXiv: 1010.2442 
[RZ3] Y.A. Rubinstein, S. Zelditch, The Cauchy problem for the homogeneous Monge-Ampere 

equation, III. Smooth lifespan, preprint, 2010, in preparation. 
[S] S. Semmes, Complex Monge-Ampere and symplectic manifolds, Amer. J. Math. 114 

(1992), no. 3, 495-550. 

[STZ] B. Shiffman, T. Tate, S. Zelditch, Harmonic analysis on toric varieties, in: Explorations in 
complex and Riemannian geometry, American Mathematical Society, 2003, pp. 267-286. 

[SoZl] J. Song, S. Zelditch, Bergman metrics and geodesies in the space of Kahler metrics on 
toric varieties, Analysis & PDE 3 (2010), 295-358. 

[SoZ2] J. Song, S. Zelditch, Test configurations, large deviations and geodesic rays on toric vari- 
eties, preprint. larXiv:0712. 35991 

[Su] S. Sun, Note on geodesic rays and simple test configurations, J. Symp. Geom. 8 (2010), 
57-65. 

[T] G. Tian, On a set of polarized Kahler metrics on algebraic manifolds, J. Diff. Geom. 32 

(1990), 99-130. 

[U] V. Ushakov, The explicit general solution of trivial Monge-Ampere equation, Comm. 

Math. Helv. 75 (2000), 125-133. 
[Zl] S. Zelditch, Quantum dynamics from the semi-classical viewpoint, unpublished notes 

(1997) , available at |http://math nt. mat.jhu.edu/zelditch/ 

[Z2] S. Zelditch, Index and dynamics of quantized contact transformations, Ann. Inst. Fourier 
47 (1997), 305-363. 

[Z3] S. Zelditch, Szego kernels and a theorem of Tian, Internat. Math. Research Notices 6 

(1998) , 317-331. 

[Z4] S. Zelditch, Bernstein polynomials, Bergman kernels and toric Kahler varieties, J. Sympl. 
Geom. 7 (2009), 51-76. 

Department of Mathematics, Stanford University, Stanford, CA 94305, USA 
E-mail address: yanir@member.ams.org 

Department of Mathematics, Northwestern University, Evanston, IL 60208, USA 
E-mail address: zelditch@math.northwestern.edu 



